
ºÞÝâàÞÛìÝÐï àÐÑÞâÐð 1

ßÞ âÕÜÕ �ÃáâÞÙçØÒÞáâì�

(ÞÑàÐ×Õæ, áÕÝâïÑàì 2019)

·ÐÔÐçÐ 1.1.¸ááÛÕÔãÙâÕ ÝÐ ãáâÞÙçØÒÞáâì ÝãÛÕÒÞÕ àÕèÕÝØÕ áØáâÕÜë:{
ẋ = 2xy − x+ y,
ẏ = 5x4 + y3 + 2x− 3y.

ÀÕèÕÝØÕ:

²ØÔÝÞ, çâÞ (x = 0, y = 0) ïÒÛïÕâáï àÕèÕÝØÕÜ áØáâÕÜë. ¿ÞáÛÕ ÛØÝÕÐàØ×ÐæØØ ÒÞÚàãÓ ßÞÛÞÖÕÝØï
x = 0, y = 0 ÜÐâàØæÐ áØáâÕÜë ßàØÜÕâ ÒØÔ

A =

(
−1 1
2 −3

)
.

ÅÐàÐÚâÕàØáâØçÕáÚØÙ ßÞÛØÝÞÜ

|A− λE| =
∣∣∣∣−1− λ 1

2 −3− λ

∣∣∣∣ = (λ+ 1)(λ+ 3)− 2 = λ2 + 4λ+ 1.

ÂÐÚ ÚÐÚ ÒáÕ ÚÞíääØæØÕÝâë ßÞÛØÝÞÜÐ ßÞÛÞÖØâÕÛìÝë, ÞÝ ØÜÕÕâ ÚÞàÝØ á ÞâàØæÐâÕÛìÝÞÙ ÒÕéÕ-
áâÒÕÝÝÞÙ çÐáâìî. ·ÝÐçØâ âàØÒØÐÛìÝÞÕ àÕèÕÝØÕ x = 0, y = 0 ÐáØÜßâÞâØçÕáÚØ ãáâÞÙçØÒÞ.

·ÐÔÐçÐ 1.2.½ÐÙÔØâÕ ÒáÕ ßÞÛÞÖÕÝØï àÐÒÝÞÒÕáØï áØáâÕÜë:{
ẋ = (x− 1)(y − 1),
ẏ = xy − 2.

¾ßàÕÔÕÛØâÕ, ÚÐÚØÕ ãáâÞÙçØÒë, Ð ÚÐÚØÕ� ÝÕâ.
ÀÕèÕÝØÕ:

½ÐÙÔÕÜ ßÞÛÞÖÕÝØï àÐÒÝÞÒÕáØï áØáâÕÜë Ø× ãáÛÞÒØï ẋ = 0, ẏ = 0.

{
0 = (x− 1)(y − 1),

0 = xy − 2,
⇔


{
x = 1,

y = 2,{
x = 2,

y = 1.

¾ÑÞ×ÝÐçØÜ f1(x, y) = (x−1)(y−1), f2(x, y) = xy−2 ßàÐÒëÕ çÐáâØ áØáâÕÜë. ²ëçØáÛØÜ ÜÐâàØæã
ßàÞØ×ÒÞÔÝëå

A =


∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

 =

(
y − 1 x− 1
y x

)
.

1) ÁÛãçÐÙ (x0 = 1; y0 = 2).

A|x=1,y=2 =

(
1 0
2 1

)
.

ÅÐàÐÚâÕàØáâØçÕáÚØÙ ßÞÛØÝÞÜ

|A− λE| =
∣∣∣∣1− λ 2

2 1− λ

∣∣∣∣ = (λ− 1)2.
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ÂÐÚ ÚÐÚ ã ßÞÛØÝÞÜÐ ÒáÕ ÚÞàÝØ ßÞÛÞÖØâÕÛìÝë, àÕèÕÝØÕ x = 1, y = 2 ÝÕ ïÒÛïÕâáï ÐáØÜßâÞâØçÕáÚØ
ãáâÞÙçØÒëÜ. 2) ÁÛãçÐÙ (x0 = 2; y0 = 1).

A|x=2,y=1 =

(
0 1
1 2

)
.

ÅÐàÐÚâÕàØáâØçÕáÚØÙ ßÞÛØÝÞÜ

|A− λE| =
∣∣∣∣−λ 1
1 2− λ

∣∣∣∣ = λ2 − 2λ− 1.

ÂÐÚ ÚÐÚ ã ßÞÛØÝÞÜÐ ÚÞíääØæØÕÝâë àÐ×Ýëå ×ÝÐÚÞÒ, àÕèÕÝØÕ x = 2, y = 1 ÝÕ ïÒÛïÕâáï ÐáØÜßâÞ-
âØçÕáÚØ ãáâÞÙçØÒëÜ.

·ÐÔÐçÐ 1.3.¸ááÛÕÔãÙâÕ, ßàØ ÚÐÚØå ×ÝÐçÕÝØïå ßÐàÐÜÕâàÞÒ a Ø b ÝãÛÕÒÞÕ àÕèÕÝØÕ áØáâÕÜë ÐáØÜß-
âÞâØçÕáÚØ ãáâÞÙçØÒÞ:

axIV +
...
x + ẍ+ ẋ+ bx = 0.

ÀÕèÕÝØÕ:

ÅÐàÐÚâÕàØáâØçÕáÚØÙ ßÞÛØÝÞÜ ØÜÕÕâ ÒØÔ

aλ4 + λ3 + λ2 + λ+ b = 0.

ºÞíääØæØÕÝâ ßàØ áâÐàèÕÙ áâÕßÕÝØ àÐÒÕÝ a. ¾Ý ÔÞÛÖÕÝ Ñëâì ßÞÛÞÖØâÕÛÕÝ. ² ßàÞâØÒÝÞÜ áÛãçÐÕ,
ã ßÞÛØÝÞÜÐ ÑãÔãâ ÚÞíääØæØÕÝâë àÐ×ÝÞÓÞ ×ÝÐÚÐ. ¼ÐâàØæã ³ãàÒØæÐ ×ÐßØèÕÜ Ò áÛÕÔãîéÕÙ äÞàÜÕ

1 1 0 0
a 1 b 0
0 1 1 0
0 a 1 b

 .

³ÛÐÒÝëÕ ãÓÛÞÒëÕ ÜØÝÞàë ÜÐâàØæë ³ãàÒØæÐ:

∆1 = 1, ∆2 = 1− a, ∆3 = 1− a− b, ∆4 = ∆3b.

ÃáÛÞÒØÕ ßÞÛÞÖØâÕÛìÝÞáâØ ÓÛÐÒÝëå ãÓÛÞÒëå ÜØÝÞàÞÒ ÜÐâàØæë ³ãàÒØæÐ íÚÒØÒÐÛÕÝâÝÞ áÛÕÔãî-
éØÜ ÝÕàÐÒÕÝáâÒÐÜ:

0 < a < 1, 0 < b < 1− a.

·ÐÔÐçÐ 1.4.½Ð ßÛÞáÚÞáâØ ßÐàÐÜÕâàÞÒ k1, k2 Ø×ÞÑàÐ×ØâÕ ÞÑÛÐáâì ÐáØÜßâÞâØçÕáÚÞÙ ãáâÞÙçØÒÞáâØ
Ø ÞÑÛÐáâì ãáâÞÙçØÒÞáâØ á ×ÐßÐáÞÜ 1 âàØÒØÐÛìÝÞÓÞ àÕèÕÝØï áØáâÕÜë:{

ẋ1 = k1x2,
ẋ2 = x1 + k2x2.

ÀÕèÕÝØÕ:

A =

(
0 k1
1 k2

)
, |A− λE| = (k2 − λ)(−λ)− k1 = λ2 − k2λ− k1

°áØÜßâÞâØçÕáÚÐï ãáâÞÙçØÒÞáâì⇔ k1 < 0, k2 < 0.
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k1

k2

½ÐÙÔÕÜ ãáÛÞÒØï ãáâÞÙçØÒÞáâØ á ×ÐßÐáÞÜ α = 1.

Ay =

(
1 k1
1 k2 + 1

)
, |Ay − λE| = (k2 + 1− λ)(1− λ)− k1 = λ2 − (k2 + 2)λ+ (k2 + 1− k1)

°áØÜßâÞâØçÕáÚÐï ãáâÞÙçØÒÞáâì á ×ÐßÐáÞÜ α = 1 ⇔ k2 < −2, k2 > k1 − 1.

k1

k2

k2 = k1 − 1

0

-2

-1
-1

1
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